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APOLLONIAN SETS IN TAXICAB GEOMETRY
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Abstract. Fix two points p and q in the plane and a positive number k 6= 1.
A result credited to Apollonius of Perga states that the set of points x that
satisfy d(x, p)/d(x, q) = k forms a circle. In this paper we study the analogous
set in taxicab geometry. We find that while Apollonian sets are not taxicab
circles, more complicated Apollonian sets can be characterized in terms of
simpler ones.
1. Introduction
The taxicab plane is the set R2 endowed with the `1 or taxicab metric given by
d(x, y) = |x1 − y1|+ |x2 − y2|.
There is by now a long list of papers that study the differences between particular
notions in Euclidean geometry and their taxicab counterparts. For a non-exhaustive
list, see for example [Kra73], where taxicab geometry was introduced as a tool for
training in research mathematics; [Tho11] where comparisons between area and
angles are made; [Rey80] and [KAGO00] for two examples of the exploration of
taxicab conics; and [KC06] for comparisons with other classical Euclidean theorems.
In this paper we are interested in a classical construction in Euclidean geometry,
attributed to the 3rd century BCE mathematician Apollonius of Perga. Fix two
distinct points p, q in the plane and a positive real constant k. Consider the set
A(p, q; k) =
{
x ∈ R2 : d(x, p)
d(x, q)
= k
}
.
If d is the standard Euclidean metric, then Apollonius’s result states that A(p, q; k)
forms either a circle if k 6= 1, or a straight line if k = 1. The definition of A(p, q; k)
makes sense in any metric space (X, d) and in this paper we characterize the Apol-
lonian sets A(p, q; k) for R2 endowed with the taxicab metric. We find that in no
case does the set coincide with a (taxicab) circle, but instead takes on a number of
different shapes depending on the relative positions of p and q and the value of k.
See Figure 1. Despite this apparent complexity, we find that, with the exception
of k = 1, all Apollonian sets can be expressed as a union of trapezoids that are
themselves Apollonian sets. A considerable part of this paper is dedicated to in-
troducing notation that we hope will further the development of taxicab geometry
from a more synthetic viewpoint. To date many of the papers on taxicab geometry
exploit the piecewise linear structure of the taxicab metric, leading to the necessity
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Figure 1. Typical Apollonian sets A(p, q; k). In all three cases,
p = (0, 0) and k = 2: (a) q = (3, 2), (b) q = (3, 1), (c) q = (3, 0)
of detailed case analysis. Our definitions and lemmas are designed so that few such
algebraic computations are required.
We now state our results more precisely, referring the reader to the next section
for more background. First, in order to study Apollonian sets, it is valuable to
think of A(p, q; k) as the boundary of a compact closed region which, for k > 1, has
the form
B(p, q; k) =
{
x ∈ R2 : d(x, p)
d(x, q)
≥ k
}
.
Second, in view of the isometries of the taxicab plane, horizontal and vertical lines
which we term coordinate lines, and lines with slope ±1 which we term guide lines
play an important role. In particular given p and q in R2, the guide lines emanating
from p and q respectively form a rectangle with vertices p, q and two other points
called guide complements that we label g+ and g−. We prove for k 6= 1 that the
filled Apollonian sets B(g+, q; k) and B(g−, q; k) are both filled isosceles trapezoids
and that other filled Apollonian sets are unions of these. Our two main results are
as follows:
Theorem A. Let p and q share a guide line gl and, without loss of generality, let
k > 1. Then the Apollonian set A(p, q; k) is an isosceles trapezoid with the following
properties:
• the line of symmetry for A(p, q; k) is gl;
• the vertices of A(p, q; k) all lie on the coordinate lines of q;
• if the legs of A(p, q; k) are extended to lines, these lines intersect at p;
• the slopes of the legs are mk+1k−1 and mk−1k+1 , where m is the slope of gl.
Theorem B. Let p, q ∈ R2, let g+ and g− be the guide complements of p and q,
and let k ∈ [0, 1) ∪ (1,∞]. Then
B(p, q; k) = B(g+, q; k) ∪B(g−, q; k).
Since B(g±, q; k) are characterized by Theorem A, these two results completely
characterize Apollonian sets when k 6= 1 and provide a constructive method for
producing them. The sets that arise when k = 1 have been studied in different
contexts, see [Rey80] and [KAGO00], and are also included here for completeness.
This paper is structured as follows: in Section 2 we introduce taxicab geometry,
our notation, various reference objects, and other background material including
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a brief discussion of isometries. In Section 3 we introduce Apollonian sets in the
taxicab plane, recognize that these sets fit into a more general framework, and
establish a number of foundational facts about them. Finally, in Section 4, we
provide a complete characterization of all Apollonian sets, including proofs of the
two main theorems above.
This paper reports on some of the work done in the Seattle University SUMmER
REU, 2017. We gratefully acknowledge the support of Seattle University’s NSF
REU #1460537 (SUMmER in Seattle). Additionally, the work of A. Miller and
A. Fish were supported by a generous gift to Seattle University from Ms. Rose
Southall.
2. Background
In this section we introduce the distance function and give some basic background
in taxicab geometry. The reader may also consult [Kra73]. We also introduce several
special sets of interest in the paper and discuss taxicab isometries.
2.1. Distance Functions. A distance function, or metric, on a set A is a function
d : A×A −→ R
satisfying
(1) for all x, y ∈ A, d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y;
(2) for all x, y ∈ A, d(x, y) = d(y, x);
(3) for all x, y, z ∈ A, d(x, z) ≤ d(x, y) + d(y, z).
A set together with a distance function is called a metric space.
In this paper, the set A will be the plane R2 and we denote a point p ∈ R2
in components by p = (p1, p2). The most familiar distance function on R2 is the
Euclidean distance function dE , given by
dE(x, y) =
(
(x1 − y1)2 + (x2 − y2)2
) 1
2 .
Alternatively, the taxicab distance function d is given by
d(x, y) = |x1 − y1|+ |x2 − y2|.
Unless otherwise specified, an unadorned d will be the taxicab distance.
2.2. Special points, lines, regions. As we will see in the remainder of the paper,
it will be helpful to introduce a few special reference objects that occur frequently
when discussing taxicab geometry.
A fundamental object in taxicab geometry is the circle. The circle centered at p
and with radius r > 0 is a square with vertices at (p1 ± r, p2) and (p1, p2 ± r). It
will turn out in this paper that circles do not make a significant appearance, and
it is especially worth noting that Apollonian sets turn out never to be circles.
Given a point p = (p1, p2), we define the coordinate lines of p to be the lines
cl1(p) = {(x1, x2) : x1 = p1} = {(p1, x2)}
cl2(p) = {(x1, x2) : x2 = p2} = {(x1, p2)}.
Note that if p = (0, 0), then the coordinate lines are just the usual coordinate axes.
See Figure 2(a). Given a point q, the coordinate lines of q divide R2 into four
quadrants we call q-quadrants. Unless otherwise mentioned, these quadrants are to
be interpreted as including their boundaries.
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Figure 2. Reference objects: (a) coordinate lines and guide lines
of p, (b) coordinate complements (ci = ci(p, q)) and regions, (c)
guide complements (g± = g±(p, q))
We define the coordinate complements of p and q to be the points
c1(p, q) = cl1(p) ∩ cl2(q) = (p1, q2)
c2(p, q) = cl2(p) ∩ cl1(q) = (q1, p2).
Together, p, q, c1(p, q), and c2(p, q) form the vertices of a filled rectangle whose edges
lie on the coordinate lines of p and q. We call this filled rectangle the coordinate
rectangle, and we note that this rectangle collapses to a line segment if p and q
share a coordinate line. The coordinate rectangle plays an analogous role to a line
segment in Euclidean geometry with respect to the triangle inequality: every point
z in the coordinate rectangle satisfies the equality
d(p, q) = d(p, z) + d(z, q).
The coordinate lines of p and q divide R2 into 9 regions Ri, i = 1, . . . 9, as indicated
in Figure 2(b). These regions are always labelled as indicated, independent of
the relative positions of p and q. Region 5 is the coordinate rectangle. As with
quadrants, these regions are to be interpreted as including their boundaries.
Next, we define the guide lines of p to be the lines
gl+(p) = {(x1, x2) : x2 − p2 = x1 − p1}
gl−(p) = {(x1, x2) : x2 − p2 = −(x1 − p1)}.
These are the lines passing through p with slope ±1. See Figure 2(a).
We also define the guide complements of p and q to be the points
g+(p, q) = gl+(p) ∩ gl−(q)
g−(p, q) = gl−(p) ∩ gl+(q).
Together, p, q, g+(p, q), and g−(p, q) form the vertices of a rectangle whose edges
lie on the guide lines of p and q. See Figure 2(c). For both the coordinate comple-
ments and the guide complements, the superscripts have been chosen to reflect the
corresponding line determined by the first argument.
Guide complements play a significant role in understanding Apollonian sets. The
following two lemmas establish important relationships between guide complements
and the points defining them.
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Figure 3. Barbells and lightning bolts: (a) barbell of a and b,
and Pa,b(c
i) (unshaded components); (b) lightning bolt of type 1;
(c) lightning bolt of type 2
Lemma 2.1. If p and q do not share a guide line, then the guide complements
g+(p, q) and g−(p, q) lie outside the coordinate rectangle of p and q. If p and q do
share a guide line, then guide complements are p and q.
The second statement in this lemma is analogous to the fact that if p and q share
a coordinate line, then the coordinate complements are p and q.
Proof. Suppose p and q do not share a guide line. One of the guide lines of p will
intersect the coordinate rectangle only at p. The guide complement defined by this
line must then lie outside the rectangle. To see that both guide complements lie
outside, note that the guide line of q that is parallel to the rectangle-avoiding guide
line of p must also avoid the rectangle, and this line is involved in defining the
second guide complement.
The second statement in the lemma follows immediately from the definition of
guide complement. 
Lemma 2.2. Let g be either of the guide complements of p and q. If p and q do
not share a guide line, then p and q lie in different g-quadrants.
Proof. Suppose not. Then p and q are in the same g-quadrant. But this implies
that the slope of the line formed by g and p has the same sign as the slope of the
line formed by g and q, a contradiction. 
Let a and b share a guide line gl. Then the barbell bb(a, b) is the union of the
a-quadrant that contains the half of gl that does not include b, the b-quadrant
that contains the half of gl that does not include a, and gl. The complement of
bb(a, b) comprises two components, each of which contains one of the coordinate
complements ci, i = 1, 2, of a and b. These components are denoted Pa,b(c
i). See
Figure 3(a). Note that these two sets are open. The letter P is chosen here because
the boundaries of these sets are taxicab parabolas. For example, the boundary of
Pa,b(c
1) is a taxicab parabola where the focus is c1 and the directrix is the guide
line through c2 that does not include c1.
The lightning bolt of type 1 lb1(a, b) is the intersection of bb(a, b) and the closed
vertical strip R2 ∪ R5 ∪ R8. Similarly, The lightning bolt of type 2 lb2(a, b) is the
intersection of bb(a, b) and the closed horizontal strip R4 ∪ R5 ∪ R6. See Figures
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3(b) and (c). Note that the boundary of a barbell is the union of the corresponding
lightning bolts.
Finally, given two points p and q, we define the midpoint of p and q to be the
point
m(p, q) =
(
p1 + q1
2
,
p2 + q2
2
)
.
This is the same as the midpoint of the line segment defined by p and q in Euclidean
geometry.
2.3. Isometries. Recall that a map ϕ : (X, d) → (X, d) is an isometry if for all
x, y ∈ X, d(ϕ(x), ϕ(y)) = d(x, y). Isometries of taxicab space form a group under
composition isomorphic to R2 oD4, [Sch84].
It follows from [Sch84, KO98] that the isometries of the taxicab plane are gen-
erated by translations by arbitrary vectors and reflections through coordinate lines
and guide lines, and include rotations about any point through Euclidean reference
angles that are integer multiples of pi/2,
Finally, in the sequel we say that points p and q in R2 are in standard position if
p = (0, 0) and q = (q1, q2) lies in the first quadrant, and 0 ≤ q2 ≤ q1. The following
lemma will be used repeatedly:
Lemma 2.3. Given p, q ∈ R2 there exists an isometry ϕ such that ϕ(p) and ϕ(q)
are in standard position.
Proof. Consider two points p, q ∈ R2. First, apply a translation by −p. Then,
depending on the location of the image of q under this translation, apply up to two
reflections across coordinate lines or guide lines through the origin. A choice of such
reflections can always be made such that after composition with the translation,
the image of q lies in the first quadrant and below gl+(0, 0). 
3. Apollonian sets
Given two points p 6= q in R2, and an extended real number number k ∈ [0,∞],
the Apollonian set A(p, q; k) is
A(p, q; k) =
{
x ∈ R2 : d(x, p)
d(x, q)
= k
}
with the convention that A(p, q;∞) = {q}. The case p = q is avoided simply
because it is somewhat degenerate: the Apollonian sets would be empty for all
k 6= 1 and when k = 1, the set would be the entire plane (with the convention that
0
0 = 1).
If the Euclidean distance is used in this definition, this set is a circle if k ∈
(0, 1) ∪ (1,∞), a line if k = 1, and a point if k = 0 or ∞. This result is credited
to Apollonius, see [Sma98]. If d is the taxicab distance, then this set can take on a
number of different shapes depending on the relative positions of p and q, and the
value of k. See Figure 1 for some typical shapes that arise. The primary goal of
this paper is to completely understand these sets.
With the exceptions of the cases where k is 0, 1, or ∞, we will find that Apol-
lonian sets are piecewise-linear simple closed curves, and we will need to make
use of the compact sets that they bound. With this in mind, we define the filled
APOLLONIAN SETS 7
Apollonian set as follows: When k > 1
B(p, q; k) =
{
x ∈ R2 : d(x, p)
d(x, q)
≥ k
}
=
⋃
κ∈[k,∞]
A(p, q;κ),
and when k < 1
B(p, q; k) =
{
x ∈ R2 : d(x, p)
d(x, q)
≤ k
}
=
⋃
κ∈[0,k]
A(p, q;κ).
Note that we do not try to define a filled Apollonian set when k = 1.
3.1. Affine sets. More broadly, the defining relation for Apollonian sets may be
cast in a slightly larger family, which in Euclidean space unifies the equations of
circles, ellipses, hyperbolas, and the circle of Apollonius. Given any focal points
p, q ∈ R2, and real parameters α, β, γ, the affine set S(p, q;α, β, γ) is defined by a
certain linear combination of the distances from the focal points
S = S(p, q;α, β, γ) = {(x1, x2) ∈ R2 : αd(x, p) + β d(x, q) = γ}.
For example an Apollonian set corresponds to α = 1, β = −k, γ = 0.
More exploration of the affine set in taxicab space is warranted. Without trying
to perform a complete analysis, here are some general observations, true for all
affine sets, that help our understanding of Apollonian sets being studied in this
paper.
Written out explicitly, we see the affine set is determined by the set of points for
which
(1) α(|x1 − p1|+ |x2 − p2|) + β(|x1 − q1|+ |x2 − q2|) = γ.
The solution set can be determined by focusing on each of the 9 regions Ri, resolving
the absolute values appropriately. In general, when restricting to each region, the
solution set is either empty, a line segment, a ray, or occasionally the entire region.
Lemma 3.1. Suppose S(p, q;α, β, γ) ∩ Ri = Ri. Then α = β = γ = 0 or i is odd.
Furthermore, if i 6= 5 then α = −β and if i = 5 then α = β.
Proof. The only way every point in a region could also be in a particular affine set
is if Equation (1) becomes vacuous and this can only happen if all instances of x1
and x2 cancel.
The odd regions are characterized by the fact that each coordinate of the points
lie outside those of p and q or, in only the case of R5, both coordinates lie between
those of p and q. The only way then that the necessary cancelation occurs is if
α = −β when i = 1, 3, 7, 9 or if α = β when i = 5.
If i is even, then for any x ∈ Ri, one coordinate lies outside those of p and q and
one coordinate lies between those of p and q. As a consequence, if α and β are not
both zero, then if α and β cause one coordinate to cancel, the other coordinate must
remain and so Equation (1) cannot be vacuous. If α = β = 0, then the equation is
inconsistent unless γ is also zero. 
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It is worth pointing out that the indicated relationship between α and β is not
sufficient for a given odd region to be contained in an affine set. There is also a
relationship between α, γ, p and q that must be satisfied. We leave it to to the
reader to determine the appropriate relationship for each region.
Lemma 3.2. Let i be odd. If S(p, q;α, β, γ) ∩Ri is a line segment, then it is part
of a guide line. More specifically, for i = 1, 9, the slope is +1, for i = 3, 7, the slope
is −1, and for i = 5, the sign of the slope is opposite that of the segment connecting
p and q.
Proof. The odd regions are characterized by the fact that each coordinate of the
points lie outside those of p and q or, in only the case of R5, both coordinates
lie between those of p and q. This causes the absolute values to resolve in such a
way that the slope of the line is always ±1. For example, in R3 the equation for
S(p, q;α, β, γ) becomes
α
(
(x1 − p1) + (x2 − p2)
)
+ β
(
(x1 − q1) + (x2 − q2)
)
= γ
which reduces to
x1 + x2 =
γ + α(p1 + p2) + β(q1 + q2)
α+ β
.
This is the equation of a line with slope −1 unless α = −β, in which case the region
is either empty or completely filled. 
Lemma 3.3. Let i be even and set S = S(p, q;α, β, γ). Suppose S ∩ Ri is a line
segment with slope m ∈ [−∞,∞]. If S ∩R10−i is not empty, then this set is a line
segment with slope −m. Also, If j is even and not equal to i or 10− i, and S ∩Rj
is not empty, then this set is a line segment with slope ± 1m , where the sign depends
on the particular region and the relative positions of p and q. Taken together, line
segments in even numbered regions have slopes of absolute value m or 1/m.
The proof of this lemma is similar to the previous lemma. In the even regions,
the absolute values resolve to produce equations for lines with the indicated slopes,
specifically of the form ±α±βα∓β . Note that if the slope is 0 or ±∞ then the solution
set may be a ray, and not just a segment.
Taken together, Lemmas 3.1, 3.2, and 3.3 describe what happens when regions
are not empty but determining whether or not a region is empty is subtle. It can
happen in one of two ways. Either Equation (1) reduces to an equation that has
no solution, or it reduces to a line that does not intersect the region in question.
Finally, the way in which an affine set interacts with one region can provide
information about how the affine set interacts with adjacent regions. We leave
most of the cases to the reader, but make the following observation which will be
useful later.
Lemma 3.4. Let S = S(p, q;α, β, γ) be an affine set and let Ri and Rj be adjacent
regions with Ri ∩Rj = E. Suppose S ∩Ri is a line segment that meets E only at a
point b that is distinct from p, q, and their coordinate complements. Then S ∩ Rj
is also a line segment that meets E at b.
Proof. Since b ∈ E ⊂ Rj , S ∩Rj cannot be empty. But S ∩Rj cannot be all of Rj
either since that would imply that S ∩E = E, a contradiction. The only remaining
possibility is that S ∩ Rj is a line segment. It cannot intersect E at a point other
than b because again that would imply that S ∩ E consists of more than a single
point. 
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(a) (b) (c)
Figure 4. Families of Apollonian sets: (a) when p and q share a
guide line, (b) when p and q share a coordinate line, (c) when p
and q share neither a guide line nor a coordinate line. In all cases
k = 0, 14 ,
1
2 ,
2
3 , 1,
3
2 , 2, 4,∞ are shown.
3.2. Preliminary facts about Apollonian sets. We now focus specifically on
Apollonian sets and document some basic facts. First, as indicated in Figure 4,
choosing any x ∈ R2 and computing the ratio of distances d(x, p)/d(x, q) immedi-
ately yields the following lemma:
Lemma 3.5. Given p, q ∈ R2, for all x ∈ R2, there exists a unique k ∈ [0,∞] such
that x ∈ A(p, q; k).
We also note that R5 is never empty.
Lemma 3.6. Given p, q ∈ R2, A(p, q; k) ∩R5 is always a line segment.
Proof. The line segment connecting p and q will always have exactly one point on
it satisfying the condition that defines A(p, q; k). 
.
Rearranging the formula in the definition of Apollonian set, we also have the
following lemma, which allows us to restrict attention to k ∈ [1,∞].
Lemma 3.7. Given p, q ∈ R2, A(p, q; 1k ) = A(q, p; k), where for k we use the
conventions that 1∞ = 0 and
1
0 =∞.
The next lemma shows that Apollonian sets are isometry invariants.
Lemma 3.8. Let p, q ∈ R2, let k ∈ [0,∞], and let ϕ be an isometry of taxicab
space. Then
ϕ
(
A(p, q; k)
)
= A
(
ϕ(p), ϕ(q); k
)
and
ϕ
(
B(p, q; k)
)
= B
(
ϕ(p), ϕ(q); k
)
.
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Proof. Let y ∈ A(ϕ(p), ϕ(q); k). Since ϕ is an isometry, it is a bijection, so there
exists an x such that ϕ(x) = y and we can substitute to get
k =
d
(
y, ϕ(p)
)
d
(
y, ϕ(q)
)
=
d
(
ϕ(x), ϕ(p)
)
d
(
ϕ(x), ϕ(q)
)
=
d(x, p)
d(x, q)
.
This implies that x ∈ A(p, q; k), which in turn means y ∈ ϕ(A(p, q; k)). Therefore
A
(
ϕ(p), ϕ(q); k
) ⊂ ϕ(A(p, q; k)).
Reversing the argument gives us the containment in the other direction.
To prove the analogous result for B, one may work through a similar argument
as for A, or one may use the alternate characterization of B as a union of A’s.

Lemma 3.9. Given p and q, let ϕ denote the isometry that rotates the plane
through the angle pi about m(p, q). Then
ϕ(A(p, q; k)) = A
(
p, q;
1
k
)
.
Proof. By Lemma 3.8, ϕ
(
A(p, q; k)
)
is equal to A
(
ϕ(p), ϕ(q); k
)
, which in turn is
equal to A(q, p; k) since ϕ maps p to q and vice versa. Then, by Lemma 3.7, this is
equal to A
(
p, q; 1k
)
. 
The next sequence of lemmas will provide useful bounds for the locations of
Apollonian sets. See Figure 5.
Lemma 3.10. Let p and q share a guide line and let c1 and c2 be the coordinate
complements of p and q. Then x ∈ Pc1,c2(q) if and only if d(x,p)d(x,q) > 1.
Proof. For the entirety of this proof suppose, without loss of generality, that p
and q are in standard position. Hence, since p and q share a guide line, q2 = q1.
Moreover, P = Pc1,c2(q) = {x ∈ R2 : x1 > 0, x2 > 0, x1 + x2 > q1}.
First, let
d(x, (0, 0))
d(x, q)
> 1.
Thus we know
(2) |x1|+ |x2| > |x1 − q1|+ |x2 − q1|.
Our first goal is to prove that x1 and x2 are both positive. We prove this by
contradiction using cases.
First suppose that both x1 ≤ 0 and x2 ≤ 0. Then inequality (2) yields
−x1 + (−x2) > q1 − x1 + (q1 − x2),
which implies q1 < 0, a contradiction.
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p
qc1
c2
Figure 5. When p and q share a guide line, A(p, q; k) avoids the
gray area if and only k > 1. The gray area is the complement of
Pc1,c2(q). The Apollonian sets shown here correspond to k =
3
2 , 2, 3
Next as q1 = q2, we may without loss of generality suppose x1 > 0 and x2 ≤ 0.
Considering all possible placements of x1 > 0 relative to q1 yields contradictions in
inequality (2) similar to that above.
Our second goal is to prove that x lies in the half plane {(x1, x2) : x1 +x2 > q1}.
We again consider two cases, and use the fact that we now know x1 and x2 are both
positive. Hence, if either x1 or x2 is greater than q1, then the result is immediate.
If both x1 ≤ q1 and x2 ≤ q1, then inequality (2) reduces to
x1 + x2 > q1 − x1 + q1 − x2
and rearranging yields the result.
In the other direction, suppose x ∈ P . Then x lies in R2, R3, R5, or R6 and
x1+x2 > q1. It can then be checked directly that in each of these regions,
d(x,p)
d(x,q) > 1.
For example, if x ∈ R5, then 0 < x1 ≤ q1 and 0 < x2 ≤ q1 so that
d(x, p)
d(x, q)
=
x1 + x2
q1 − x1 + q1 − x2 =
x1 + x2
2q1 − (x1 + x2) >
q1
2q1 − q1 = 1.
where the inequality arises since x1 + x2 > q1.
The analysis for the other three regions is easier and is left to the reader. 
Lemma 3.10 has the following immediate corollary:
Lemma 3.11. Let p and q share a guide line and let c1 and c2 be the coordinate
complements of p and q. Then the Apollonian set A(p, q; k) and the filled Apollonian
set B(p, q; k) are subsets of Pc1,c2(q) if and only if k > 1.
The next two lemmas provide a slight recharacterization of these results that
prove useful. The proofs are almost immediate and are left to the reader.
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Lemma 3.12. If p and q share a guide line and have coordinate complements c1
and c2, then
⋃
k∈[0,1]A(p, q; k) is the complement of Pc1,c2(q) and so contains the
three p-quadrants that do not contain q.
Equivalently:
Lemma 3.13. If p and q share a guide line and have coordinate complements c1
and c2, then
⋃
k∈[1,∞]A(p, q; k) is the complement of Pc1,c2(p) and so contains the
three q-quadrants that do not contain p.
These results help us prove the following:
Lemma 3.14. Let g+ and g− be the guide complements of two points p, q ∈ R2.
Then  ⋃
k∈[0,1]
A(p, g+; k)
 ∪
 ⋃
k∈[0,1]
A(p, g−; k)
 = R2.
Proof. By Lemma 3.12,
⋃
k∈[0,1]A(p, g
+; k) contains all the p-quadrants that do not
contain g+ and
⋃
k∈[0,1]A(p, g
−; k) contains all the p-quadrants that do not contain
g−. Their union must be all of R2 since, by Lemma 2.2, g+ and g− lie in different
p-quadrants. 
4. Characterization of Apollonian Sets
In this section, we completely characterize Apollonian sets. We focus first on
the case k = 1. Then we consider Those Apollonian sets A(p, q; k) with p and q
sharing a guide line, and we prove Theorem A. Finally, we handle the general case,
proving Theorem B.
Theorem 4.1. If p and q share a guide line, then A(p, q; 1) is the barbell of c1(p, q)
and c2(p, q).
Proof. Note that
A(p, q; 1) =
⋃
k∈[0,1]
A(p, q; k) ∩
⋃
k∈[1,∞]
A(p, q; k)
which, by Lemmas 3.12 and 3.13 implies
A(p, q; 1) =
[
Pc1,c2(q)
]c
∩
[
Pc1,c2(p)
]c
=
[
Pc1,c2(q) ∪ Pc1,c2(p)
]c
= bb(c1, c2)
where the last line follows by definition. 
Next, we consider what happens if p and q do not share a guide line.
Theorem 4.2. If p and q do not share a guide line, let gl be the guide line through
m(p, q) with the slope with the sign that is opposite that of the segment connecting p
and q, let a and b be the intersection of gl with the boundary of R5. Then A(p, q; 1)
is the lightning bolt of a and b that intersects R5 only on gl.
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p
q
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Figure 6. The Apollonian set A(p, q; k) when p and q share a
guide line gl and k > 1
This result provides an alternate characterization of the “degenerate lines” dis-
cussed in [KAGO00]. While this result is not new, we mention it here as part of the
complete characterization of Apollonian sets. Another way to characterize which
lightning bolt is correct is to note that if p and q do not share a guide line, then
the coordinate rectangle has a long side and a short side. The rays of the correct
lightning bolt are always perpendicular to the long side.
Now that the Apollonian sets for k = 1 are characterized, we prove Theorem
A which characterizes the Apollonian sets where p and q share a guide line and,
without loss of generality, k > 1. See Figure 5 for examples of these sets and Figure
6 illustrating the essential features established in the following:
Theorem A. Let p and q share a guide line gl and, without loss of generality, let
k > 1. Then the Apollonian set A(p, q; k) is an isosceles trapezoid with the following
properties:
• the line of symmetry for A(p, q; k) is gl;
• the vertices of A(p, q; k) all lie on the coordinate lines of q;
• if the legs of A(p, q; k) are extended to lines, these lines intersect at p;
• the slopes of the legs are mk+1k−1 and mk−1k+1 , where m is the slope of gl.
Proof. Without loss of generality, we may assume p and q are in standard position.
Then A(p, q; k) is contained in the p-quadrant that contains q by Lemma 3.10, and
thus can only have nontrivial intersection with regions R2, R3, R5 and R6.
By Lemmas 3.2 and 3.6, R5 contains a line segment with slope −1 which, by
Lemma 3.10 must hit the boundaries shared with R2 and R6, implying by Lemma
3.4 that R2 and R6 have nonempty intersection with A(p, q; k). Then, by Lemma
3.3, R2 and R6 contain line segments with reciprocal slopes. By direct calculation,
the equation for the segment in R2 is
x2 =
k + 1
k − 1x1
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p
q
g+
g−
(a) (b) (c)
Figure 7. Generating an Apollonian set (here, p = (0, 0), q =
(3, 1), k = 32 ): (a) Find g
+ and g−; (b) Construct the filled Apol-
lonian sets B(g+, q; k) and B(g−, q; k); (c) The boundary of their
union is A(p, q; k)
which has the indicated slope and passes through p = (0, 0). This line will hit the
boundary of R3 so by Lemmas 3.2 and 3.4, the intersection of R3 and A(p, q; k) is
a line segment with slope −1.
We conclude that A(p, q; k) must be a quadrilateral with two parallel sides, i.e.
a trapezoid. Since p and q are both fixed under reflection across gl, by Lemma
3.8 ϕ(A(p, q; k)) = A(ϕ(p), ϕ(q); k) = A(p, q; k) so that A(p, q; k) has gl as a line
of symmetry. This implies that the legs have equal length and also that when the
legs are extended to lines, they both meet at p since, as shown above, the leg in R2
extends to a line that meets p. 
Note that, even without knowing k, given a single point in A(p, q; k) Theorem A
gives us enough information to construct the complete set.
We now come to the second main theorem of this paper, completing our charac-
terization.
Theorem B. Let p, q ∈ R2, let g+ and g− be the guide complements of p and q,
and let k ∈ [0, 1) ∪ (1,∞]. Then
B(p, q; k) = B(g+, q; k) ∪B(g−, q; k).
Note that the two filled Apollonian sets in the union are filled Apollonian trape-
zoids, so this result says that, with the exception of the case where k = 1, every
filled Apollonian set is a union of two filled trapezoids which are themselves deter-
mined by the guide complements of p and q. The un-filled Apollonian set is just the
boundary of this union. See Figure 7. As a consequence, Lemma 3.7 and Theorems
4.1, 4.2, A, and B, together provide a method for producing any Apollonian set in
a constructive way.
Proof. Suppose, without loss of generality, that k > 1. We proceed in two steps.
We first show that
B(g+, q; k) ∪B(g−, q; k) ⊂ B(p, q; k).
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Figure 8. Special cases: (a) The Apollonian set can be a trape-
zoid even when p and q do not share a guide line. Here, p = (0, 0),
q = (3, 1), and k = 3. (b) The Apollonian set is a kite when p and
q share a coordinate line. Here p = (0, 0), q = (4, 0), and k = 2.
Let x ∈ B(g+, q; k). Then by Lemma 3.10, x lies in the g+-quadrant that contains
q. By Lemma 2.2, this implies that x lies in one of the three g+-quadrants that do
not contain p and so, by Lemma 3.13,
x ∈
⋃
κ∈[1,∞]
A(p, g+;κ)
Hence, for some κ ≥ 1,
(3) d(x, p) ≥ κd(x, g+) ≥ d(x, g+).
We also know that x ∈ B(g+, q; k) means that
d(x, g+)
d(x, q)
≥ k,
and so d(x, g+) ≥ k d(x, q). Combining this with Equation (3), we have
d(x, p) ≥ k d(x, q)
and this implies x ∈ B(p, q; k).
The argument for x ∈ B(g−, q; k) is exactly the same, and thus we conclude
B(g+, q; k) ∪B(g−, q; k) ⊂ B(p, q; k).
Next, we show that
B(p, q; k) ⊂ B(g+, q; k) ∪B(g−, q; k),
by arguing the contrapositive. If x 6∈ B(g+, q; k) and x 6∈ B(g+, q; k), then we have
both d(x, g+) < kd(x, q) and d(x, g−) < kd(x, q).
Now by Lemma 3.14 applied to p and q, there exists κ ∈ [0, 1] where either
x ∈ A(p, g+;κ) or x ∈ A(p, g−;κ). If x ∈ A(p, g+;κ) then
d(x, p) ≤ κ d(x, g+) ≤ d(x, g+),
and consequently
d(x, p)
d(x, q)
=
d(x, p)
d(x, g+)
d(x, g+)
d(x, q)
< k.
Thus x 6∈ B(p, q; k), and a similar argument finishes the case when x ∈ A(p, g−;κ).

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With Theorem B established, there are a couple cases not already discussed that
are of note. First, even when p and q do not share a guide line, the Apollonian set
can be a trapezoid as in Figure 1(a). This occurs when one of the filled Apollonian
sets forming the union lies completely inside the other. The transition between
trapezoid and more complicated figure occurs when one vertex of the Apollonian
set is at a coordinate complement of p and q as shown in Figure 8(a).
Second, in the special case where p and q share a coordinate line cl, the trapezoids
forming the union are reflections of each other across cl and the resulting figure is
a kite. See Figure 8(b).
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